Abstract. In 1878, Jordan showed that a finite subgroup of GL.n; C/ must possess an abelian normal subgroup whose index is bounded by a function of n alone. In previous papers, the author obtained optimal bounds; in particular, a generic bound .n C 1/Š was obtained when n 71, achieved by the symmetric group S nC1 . In this paper, analogous bounds are obtained for the finite subgroups of the complex symplectic and orthogonal groups. In the case of Sp.2n; C/ the optimal bound is .60/ n nŠ, achieved by the wreath product SL 2 .5/ wr S n acting naturally on the direct sum of n 2-dimensional spaces; for the orthogonal groups O.n; C/, the generic linear group bound of .n C 1/Š is achieved as soon as n 25.
Introduction
In previous papers [2, 3] , the author has obtained precise bounds (in Jordan's sense) for finite subgroups of the general linear group GL.n; C/; namely, for n 71, such a finite group has an abelian normal subgroup of index at most .n C 1/Š and this bound is achieved by the symmetric group S nC1 of degree n C 1, with precise bounds determined also for smaller degrees.
It is now a natural question, first posed to the author by Eitan Sayag at the time that this earlier work was in progress, to ask what the corresponding bounds are for finite subgroups of other classical groups. Of course, for unitary groups this is not interesting since every complex representation of a finite group is equivalent to a unitary representation; nor is it interesting generically for orthogonal groups since the representations of the symmetric groups that exhibit the bound may indeed be realised by real orthogonal matrices, though we will consider small degrees in Sections 4 and 8. So this leaves just the symplectic groups for generic consideration, and their study will constitute the bulk of this paper. Here we shall prove the following uniform result.
Theorem A. Let G be a finite subgroup of the symplectic group Sp.2n; C/. Then G has an abelian normal subgroup A of index at most .60/ n nŠ.
This bound can always be achieved. The group SL 2 .5/ has a faithful complex representation of degree 2 with Frobenius-Schur indicator 1. It is well known (see Section 2) that this value of the indicator is equivalent to the property that the representation can be realised by symplectic matrices (with respect to a given nondegenerate alternating form); hence the wreath product SL 2 .5/ wr S n can be embedded into the symplectic group Sp.2n; C/.
One cannot remove the requirement for the abelian normal subgroup; clearly any finite cyclic group can be embedded in Sp.2; C/. Indeed, while we will not attempt to obtain best possible bounds in the case of primitive groups, a scalar matrix I is symplectic if and only if 2 D 1. Thus we would obtain 2 .60/ n nŠ for a bound on the order of a finite primitive group that could be embedded into Sp.2n; C/; this is achieved by SL 2 .5/ when n D 1, in which case Theorem A offers the correct bound for primitive groups too. However, a generalised quaternion group can always be embedded into Sp.2; C/ so we can never obtain a bound on jGj, even if G is assumed to be irreducible.
It would be tempting to try to replicate the strategy of our previous papers to establish these results, first determining primitive groups, and then applying the replacement theorem of [2] to handle the general case. But this runs into the serious problem that the concept of primitivity does not work well in symplectic spaces because irreducible subspaces need not admit nondegenerate alternating forms so that the underlying inductive hypothesis of [2] does not apply here. Instead, we will exploit the fact that the groups that we claim achieve the bound are large in the sense that generically any primitive linear group of given degree and greater order modulo an abelian normal subgroup would necessarily contain a large alternating subgroup as a component and so could not be embedded into a symplectic group. Then, when we cannot apply the replacement theorem directly, we show that certain critical subgroups must give rise to a pair of constituents with dual actions and so must obey the bounds determined for linear groups of half the relevant dimension.
Turning then to finite subgroups of the orthogonal group O.n; C/, we improve the "generic bound" and establish the following.
Theorem B. Let G be a finite subgroup of the orthogonal group O.n; C/. If n 25, then G has an abelian normal subgroup A of index at most .n C 1/Š.
Because the generic bound is achieved by the symmetric groups, it is realistic to determine precise bounds for primitive orthogonal groups since all exceptions to the generic bound for primitive linear groups occur when n Ä 12, and we carry this out in Section 4 (Theorem 10). We can then mimic many of the arguments developed to handle the symplectic groups; since these involve the bilinear form, in Section 5 we establish techniques that apply both to alternating and symmetric forms before applying them first to symplectic groups in Section 6 and 7, and then to the orthogonal groups in Section 8.
In lower dimension, optimal bounds are achieved by direct products of finite orthogonal groups in smaller dimension acting naturally on an orthogonal direct sum of irreducible anisotropic subspaces. We collect the results in the following theorem. In all cases where the bound is .n C 1/Š, it is of course achieved by the symmetric group S nC1 ; in others, we give an example of a group exhibiting the stated bound. 1 Theorem C. Let G be a finite subgroup of the orthogonal group O.n; C/ where 2 Ä n Ä 24.
(a) If G is primitive, then n 3, jZ.G/j Ä 2 and OEG W Z.G/ Ä .n C 1/Š, with the following exceptions: where X is a finite group, the minimum is taken over all normal abelian subgroups of X, and the maximum then is taken over all finite subgroups X of O.n; C/. Let G n be a group for which the bound OEG n W A D f .n/ is achieved in this way for a normal abelian subgroup A. Then (i) G n is irreducible if n D 2; 3; 4; 6; 7; 8; 16; 20; 22; 23 or 24,
When n D 5 or 21, the underlying space V decomposes into a direct sum of .n 1/-dimensional and 1-dimensional anisotropic subspaces on which G n acts as G n 1 and trivially, respectively, and in cases (iii) and (iv) there is a corresponding decomposition of V and G n can be taken to be a direct product G m G n m for m D 8 or 16, respectively.
Remark. Specific examples for groups G m that can occur in Theorem C (c) can be determined using Theorem 22 and working recursively.
The Frobenius-Schur indicator will play an important role in our proofs, and we discuss this in the next section. But there is another significant observation that we make now. Frobenius and Schur also showed that any representation of a finite group by complex orthogonal matrices is equivalent to a representation by real matrices; see, for example, [7, Theorem 31] . But now, in turn, any such representation is equivalent to one by real orthogonal matrices. However, we will still need to work over C, in particular via the application of Proposition 2 to the construction of the 4-dimensional orthogonal representation of the group .SL 2 .5/ ı SL 2 .5//:2 in Proposition 9, but more generally in Section 8 as we discuss there.
We would anticipate analogous results for finite subgroups of algebraic groups over fields of positive characteristic l, with possible exceptions for small degree and small characteristic. As in [4] , we must first remove components in that characteristic; if l D 2 or 5, completely fresh calculations in the symplectic case will be needed since SL 2 .5/ is also a group of characteristic 2. In the case of orthogonal groups, the generic bound will be either .n C 2/Š or .n C 1/Š, depending on whether l divides n C 2 or not, as in the linear case. All this will be the subject of future study.
We refer to [1] for standard definitions and results from finite group theory. In particular, if X is a finite group, E.X / will denote the Bender subgroup, namely the (central) product of the components of X (the quasisimple subnormal subgroups) and F .X / D F .X /:E.X / the generalised Fitting subgroup, where F .X / is the Fitting subgroup of X . A key property of the generalised Fitting subgroup is that C X .F .X// Â F .X /.
Use of the Frobenius-Schur indicator
Let G be an arbitrary finite group, and let be an irreducible complex representation which affords a character . Then the Frobenius-Schur indicator of is defined as
The Frobenius-Schur indicator has the following properties.
Proposition 1 (see [7, Propositions 38 and 39] ). . / D 1, 1 or 0. In the three cases, respectively:
then is equivalent to a real orthogonal representation;
(ii) if . / D 1, the character is real, and is equivalent to a symplectic representation but cannot be realised over R; and
Rather than use the old-fashioned terminology of kinds, we will say that (or ) is of orthogonal, symplectic or complex type in the three cases, respectively. The major importance of this for us here is the identification of when a group may be embedded in Sp.2n; C/, in particular using the following easy proposition. Proposition 2. Let G and H be finite groups having irreducible representations and with characters ; ' respectively. Then the representation ˝ of G H (or, more generally, of a central product when defined) is of symplectic type if and only if one of and is of symplectic type and the other of orthogonal type, and of orthogonal type if and only if both are of the same (symplectic or orthogonal) type.
It is obvious how to extend this to the direct (or central) product of an arbitrary number of groups, but it should be noted that representations of complex type can never feature. We remark, too, that these results can be viewed in a slightly different light, which will be relevant when we study groups of orthogonal type. The Frobenius-Schur indicator first determines whether or not a group preserves a nondegenerate bilinear form, and then whether that form is symmetric or alternating. This becomes important when we consider forms over C, for then there is (essentially) a unique symmetric form
we will "discard" the additional information that such irreducible representations may be realised over R in order that we may use the ideas in the "replacement theorem" of [2] for which working over an algebraically closed field is indispensible.
Primitive subgroups of the symplectic group
We will not attempt to determine optimal bounds for primitive subgroups of Sp.2n; C/; it will suffice to show that they satisfy the generic bound of Theorem A without any small degree exceptions. Indeed, as we remarked in the Introduction, Theorem A does give the optimal bound for primitive groups when n D 1.
In [3, Theorem 5], we obtained detailed structural information about primitive linear groups. Throughout this section, we will assume that G is a primitive finite subgroup of Sp.2n; C/. Recall that an abelian normal subgroup of a finite primitive subgroup of GL.2n; C/ must be cyclic and central. In particular, here we have the following.
Proof. Pick v 1 ; v 2 in the underlying space with . Lemma 2] , F .G/ is the product of Z.G/ and extraspecial groups, yielding our claim.
Thus, in the terminology of [3] , if F .G/ is extraspecial, it is the (unique) quasicomponent of G, and we will call it such. As there, we define the subgroup E 1 .G/ to be the product of this quasicomponent (if it exists) and E.G/. Lemma 3 has the following immediate consequence.
Corollary 4. Either F .G/ D E 1 .G/ or else F .G/ is the direct product of Z.G/ and a nonempty collection of simple groups.
Remark. In Lemma 3, we used only the existence of the bilinear form; thus the conclusion will hold for subgroups of the orthogonal groups too. For orthogonal groups, the analogue of Corollary 4 must include the possibility of a 1-dimensional linear group of order 2.
Although we will attempt to mimic the arguments of [3] , care is needed. If E 1 .G/ acts irreducibly, then we can use the fact that it lies inside a symplectic group directly; if not, then an irreducible subspace may be totally isotropic so that no "symplectic" information is directly available for E 1 .G/ itself though we retain some control coming from its embedding in G.
We note that .2n C 1/Š Ä .60/ n nŠ if n Ä 31 (cf. [2, Lemma 9 (ii)]). This enables us to apply the results of [3] directly in small degree, but we will need to rework the arguments in higher degree. Fortunately this is not too burdensome since our bound still grows exponentially with degree (though slower than factorials). So we will only sketch the arguments here. We will require the following analogues of [3, Theorems 6 and 8] , noting that here we can impose restrictions in our hypotheses resulting from Lemma 3.
Proposition 5. Let X be a finite irreducible subgroup of GL.2n; C/, and assume that F .X/ is an extraspecial 2-group that acts irreducibly. Then
Proof. Since X acts faithfully, 2n D 2 r where jF .X /j D 2 2rC1 , and there is an embedding G=F .X / ,! O " 2r .2/ for " D˙. Hence
For r Ä 3, we may check that the claimed bound holds in each case. D .32/ n < .60/ n nŠ since 2r 2 C r C 1 < 5 2 r 1 when r 4.
Next we consider possible components. There is no a priori reason why they should not appear having an odd degree irreducible representation contributing to a tensor product, though by the remark following Proposition 2 they may not have complex type if they are components of a primitive group X for which E 1 .X / acts irreducibly. So we must prove a more general result.
Proposition 6. Let X be a finite subgroup of GL.n; C/ with jF .X /j Ä 2 and E.X/ quasisimple, and suppose that jAut.E.X /=Z.E.X///j > .60/ n 0 n 0 Š where n 0 D OEn=2. Assume further that E.X / acts irreducibly and that E.X/ is of orthogonal or symplectic type. Then one of the following holds:
(ii) n D 8 and E.X / Š 2: In particular, E.X/ is of orthogonal type.
Remark. If the inequality in the hypothesis were jX=Z.X/j > .60/ n 0 n 0 Š, then the conclusion would further require that OEX W F .X / D 2 if n D 8 or 63.
Proof. For n Ä 62, we can appeal directly to [2, Theorem B] and [3, Theorem 8] since .n C 1/Š Ä .60/ n 0 n 0 Š, eliminating groups of complex type and noting that the proof given of the latter theorem was carried out under a weaker hypothesis than its statement, but one that holds here also.
If n 63, we must work afresh, noting that .60/ n 0 n 0 Š grows exponentially, though [2, Theorem B] establishes the particular restrictions on n in (iii). All the groups listed in the conclusion do satisfy the inequality of the hypothesis and are of orthogonal type; thus we must eliminate all other possible quasisimple groups.
We mimic the proof of [3, Theorem 8] . First we eliminate the sporadic groups by appealing to the ATLAS [6] ; none has a projective representation of small enough degree. At the same time, we may eliminate all groups of Lie type with an exceptional Schur multiplier and the covers of small alternating groups.
Next we eliminate the covering groups 2:A m of the alternating groups for m 13. Let m 0 D OEm=2. Then the minimal degree of a faithful representation is 2 m 0 1 (see [8] ), so we need consider only the case where m is odd. For the base case A 13 , we have a representation of minimal degree 2 5 and then the inequality 2 13Š < .60/ 16 .16/Š; then the successive ratios
.60/ 2 r 2 .2 r 2 /Š permit us to proceed inductively. Next we consider the classical groups. We illustrate these with the same example as in [3] , namely for E.X /=Z.E.X // Š P 2r .q/, and proceed by induction on r for each fixed q. Let lead to inequalities
where S.q; r/ D .60/ d r .d r /Š so that, inductively, N.q; r/ < S.q; r/ for all r. The other classical groups may be handled similarly; the exceptional and remaining groups of twisted type are, as in [3] , effectively all base cases.
We are now in a position to obtain our bound. First we establish some easy inequalities. 
Proof.
We prove (i) by induction on m for each l; since l Ä 2 l 1 , the inequality holds for m D 1 while the ratio of successive terms on the left is .60.m C 1// l , which is clearly smaller than that for the right.
Part (ii) is clear by separate consideration of the factors, while a ratio argument similar to that for part (i), applying induction to m 0 , yields (iii).
Theorem 8. Let G be a finite primitive subgroup of Sp.2n; C/. Then the index OEG W Z.G/ Ä .60/ n nŠ.
Proof. Suppose, first, that E 1 .G/ acts irreducibly. Since G Â Sp.2; C/, E 1 .G/ must be of symplectic type; in particular, by Proposition 2, an odd number of (quasi-)components must be of symplectic type and the remainder of orthogonal type. We mimic the arguments of [3] . However, we cannot freely replace any component by an arbitrary larger component of the same subdegree since we must maintain control of the symplectic action.
Let E 1 ; : : : ; E t be representatives of the isomorphism classes of (quasi-)components of G, occurring with respective subdegrees n 1 ; : : : ; n t and multiplicities l 1 ; : : : ; l t , and let E 1 ; : : : ; E s be those of symplectic type together with any quasicomponent (so that n 1 ; : : : ; n s are necessarily even). Since jZ.G/j Ä 2, we have as in [3] a bound
.c
where c i depends only on n i , and c i Ä .60/ n i =2 .n i =2/Š for 1 Ä i Ä s by Propositions 5 and 6.
The representation of E 1 .G/ occurs as the tensor product of representations of its (quasi-)components. As in [3] , we determine a bound for OEG W Z.G/ solely by using the structure of F .G/ and the fact that C G .F .G// Â F .G/, together with the "replacement" of components to maintain the degree of the representation of E 1 .G/ without regard to whether the new group G actually has a representation of degree 2n. Let We may now assume that E 1 .G/ acts reducibly and, since G is primitive, homogeneously. Let V denote the underlying vector space on which G acts, and let U be an E 1 .G/-irreducible subspace. 3 Then 2 Ä dim U Ä n. The structure of G is restricted by that of E 1 .G/, and we can immediately deduce (as for the contribution from the group B above), that OEG W Z.G/ Ä 1296 .n C 1/Š if n 6 and OEG W Z.G/ Ä 432 .n C 1/Š if n Ä 5. Hence OEG W Z.G/ Ä .60/ n nŠ in this case also, completing the proof of Theorem 8.
Primitive subgroups of the orthogonal group
Generically the "maximal" primitive linear groups are the symmetric groups, which are of orthogonal type. Although we do not have the uniformity of the symplectic case, we need only examine small cases in order to establish complete bounds.
We must handle one existence question first by hand.
Proposition 9. Let G be a primitive subgroup of O.4; C/. Suppose that F .G/ Š SL 2 .5/ ı SL 2 .5/ and that, subject to this, G has maximal order. Then OEG W F .G/ D 2 and G is a homomorphic image of SL 2 .5/ wr S 2 .
Proof. Since SL 2 .5/ is of symplectic type, certainly SL 2 .5/ ı SL 2 .5/ ,! O.4; C/ by Proposition 2. Writing F .G/ D E ı O E, the abstract representation of F .G/ is of the form ˝O where ; O are faithful 2-dimensional representations of SL 2 .5/, and the restriction ˝O j E decomposes as the direct sum of two copies of .
Let E be one of the components. Then we claim that N G .E/ D F .G/. Otherwise, if g 2 N G .E/nF .G/, then g normalises both components and so acts as a nontrivial outer automorphism on at least one, say E. But now the restriction of the representation of G to E must decompose as the sum of the two distinct 2-dimensional representations of SL 2 .5/, contrary to the above. Hence, if F .G/ is a proper subgroup of G, then any element of G=F .G/ must interchange the two components under conjugation, and OEG W F .G/ D 2; furthermore, G must be isoclinic to a homomorphic image of SL 2 .5/ wr S 2 .
We must now show that SL 2 .5/ wr S 2 does have a 4-dimensional orthogonal representation whose kernel is its centre. Write the group as H D .X O X /hzi where z 2 D 1, and, for 
Finally, we must show that ' (and / are of orthogonal rather than possibly complex type. We compute the Frobenius-Schur indicator. We have
. .xy// 2 > 0
and .'/ D 1, as required.
Theorem 10. Let G be a nontrivial finite primitive subgroup of O.n; C/. Then n 3, jZ.G/j Ä 2 and OEG W Z.G/ Ä .n C 1/Š with the following exceptions, where the second column gives bounds and the third column shows that they can be achieved: Proof. We can take the invariant form as x 1 y 1 C C x n y n since we are working over C. Then we have matrices X such that X T X D I so that, if g 2 Z.G/, g 2 D 1. Thus jZ.G/j Ä 2 and, in particular, F .G/ must be a 2-group. If n D 2, then G can have no component since SL 2 .5/ is of symplectic type; since F .G/ cannot contain a quaternion group, G Š D 8 , contradicting primitivity. Thus there are no primitive groups. Now, by [3, Theorem A], exceptions to the bound .n C 1/Š can occur only if n Ä 12. Suppose first that E 1 .G/ acts irreducibly, [3, Theorem 8] yields the possibilities that need to be considered if E 1 .G/ is quasisimple; if E 1 .G/ is a central product of (quasi-)components, only when E 1 .G/ D SL 2 .5/ ı SL 2 .5/ in the case n D 4 do we get potentially a greater value for the index OEG W Z.G/, and then Proposition 9 applies.
Suppose now that E 1 .G/ acts reducibly. We must now allow for components of complex type, but since dim U Ä 6 for any irreducible subspace U , we may easily eliminate all possibilities.
Remark. The situations when n D 6, 7 or 8 arise from Weyl groups.
Irreducible but imprimitive groups
Again, we follow the general pattern of our work on linear groups. We cannot invoke the replacement theorem of [2] directly because the construction that it carries out loses the additional structure imposed by the bilinear form that we have in the symplectic or orthogonal groups. However, by following its general approach and retaining basic information from the form, we will be able to establish bounds in a similar fashion. Since we do not intend to extend these results here beyond characteristic zero, we will not make special provision to ensure complete reducibility. However, it will be prudent to handle the specific case of imprimitive irreducible groups, and in this section we will obtain results that apply both in the symplectic and orthogonal cases.
We start with a refinement of [2, Lemma 1] that considers the bilinear form on the underlying vector space V . For a subspace U Â V , we let Rad.U / denote the for all h 2 H ; hence .w i ; w j / D 0 unless i D N j . Since the characters 1 ; : : : ; t are nonreal while the character afforded by V is real, (ii) follows. 
The proof of Theorem A in the general case
We proceed by induction on dimension. As before, we put dim V D 2n; note that the conclusion of Theorem A holds trivially when n D 1 in the reducible case.
Suppose first that V D U 1˚U2 where U 1 ; U 2 are nonzero G-invariant subspaces of V on which the restriction of the alternating form is nondegenerate. For i D 1; 2, let G i be the image of the natural map G ! Sp.U i /. Put dim U i D 2n i . Then, by inductive assumption, G i has an abelian normal subgroup N i with OEG i W N i Ä .60/ n i .n i Š/. Viewing G 1 G 2 as a natural subgroup of Sp.V /, there is a natural embedding G ,! G 1 G 2 with
yielding the desired conclusion in this case. Otherwise, let U be an irreducible G-invariant subspace of V . Then either U is totally isotropic, or else the restriction of the alternating form to U is nondegenerate. In the latter case V D U˚U ? and the argument of the previous paragraph applies. So we may suppose that U is totally isotropic. Now Proposition 13 applies; if W is a G-invariant complement to U ? , then the restriction of the form to U˚W is nondegenerate so that, again, the previous arguments apply unless U˚W D V . In any case, we have W Š U as a G-module and an embedding G ,! GL.U / Š GL.n; C/. But now [2, Theorems A-D] imply that G has an abelian normal subgroup N with index of known bound that is easily verified in all cases to be (strictly) less than .60/ n nŠ.
This completes the proof of Theorem A.
On finite subgroups of the classical groups 531 8 Subgroups of the orthogonal group O.n; C/ Although irreducible representations of orthogonal type are realisable over R, by working over C we have been able to assume the (essential) uniqueness of the bilinear form. As with the symplectic situation, we next look at irreducible but imprimitive groups and must consider the "imprimitive decomposition"
separately for the cases where the subspaces V 1 ; : : : ; V r are anisotropic or totally isotropic. (Note that over C totally isotropic subspaces exist; we must continue to work over C in order to utilise the key arguments of the replacement theorem of [2] for which an algebraically closed field, or at least one large enough, is required in order to apply the strong form of Schur's lemma.) Theorem 10 and Proposition 11 apply, and we take our notation as there. First we look at the anisotropic case, but for ease of reference include primitive groups.
Theorem 22. Let G be an irreducible finite subgroup of O.n; C/. Suppose either that G is primitive or that G is imprimitive with each subspace V 1 ; : : : ; V r in the decomposition () anisotropic. Then Here, the bounds for higher degrees are given only as orders of magnitude; they can be computed precisely from the groups stated.
Proof. As for the symplectic case, we apply Proposition 11 and, as in Proposition 12, can establish the replacement theorem to obtain a bound of the form
where n D rm with dim V 1 D m and n m the bound given by Theorem 10 for a primitive group of orthogonal type and of degree m. Such a bound is always achieved since it is given naturally by the wreath product construction. Just a straightforward numerical check is needed; the case n D 2 is included as a precise bound for completeness.
We now turn to the totally isotropic case. We have again, taking G to be an imprimitive, irreducible subgroup of O.n; C/, Hypothesis I (s). The hypothesis, notation and conclusion of Proposition 11 hold where V is endowed with a symmetric form and each summand V 1 ; : : : ; V r in () is totally isotropic of dimension m. Because we are not seeking a uniform bound, to obtain the general bounds we must reverse the order of study from the symplectic case. Let G be a finite reducible subgroup of O.n; C/. While formally we might proceed by induction on n, in practice because we need consider only the situation where G has a maximal abelian normal subgroup N with OEG W N > .n C 1/Š for n Ä 70, we analyse all the possibilities. More precisely, we consider the following.
Hypothesis II. Fix n Ä 70. For any finite subgroup X of O.n; C/, define f .X/ D min ® OEX W N j N is an abelian normal subgroup of Xā nd let G be a finite subgroup of O.n; C/ chosen with f .G/ maximal. Write the underlying vector space V as a direct sum V D V 1˚ ˚V t of irreducible G-invariant subspaces.
To prove Theorems B and C, we need two lemmas. Note that, in the statement of Theorem C, the group G n can be chosen in Hypothesis II, and f .n/ D f .G n /. We assume Hypothesis II for the remainder of the paper.
Lemma 24. Every subspace V 1 ; : : : ; V t is anisotropic.
Proof. Suppose that V 1 is totally isotropic. Viewing V 1 ; : : : ; V t simply as composition factors of V as a CG-module, by Proposition 13 we may suppose without loss that V 
